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1 Introduction

Consider the following filter:

INPUT (witness signal) u(0), u(1), u(2)... (time series)

IMPULSE RESPONSE (coefficients) wo, w1, w2, ...

OUTPUT (estimated signal) y(n) =
∞∑
k=0

w∗ku(n− k) n = 0, 1, 2, ... (1)

we denote wk as a complex coefficient, such that

wk = ak + ibk; k = 0, 1, 2, ... (2)

hence its complex conjugation is w∗k = ak − ibk; k = 0, 1, 2, ...

The above filter will estimate the desired response d(n) with an estimation error defined by
the equation 3. We have assumed that d(n) and u(n) are single realizations of stationary
stochastic processes, both with zero mean.

e(n) = d(n)− y(n) (3)

⇒ e(n) = d(n)−
∞∑
k=0

w∗ku(n− k)

⇒ e(n) = d(n)−
∞∑
k=0

(ak − ibk)u(n− k) (4)

e∗(n) = d∗(n)−
∞∑
k=0

(ak + ibk)u
∗(n− k) (5)

2 Principle of orthogonality

To optimize the filter the following cost function has to be minimized:

J = E [e(n)e∗(n)] = E
[
|e(n)|2

]
(6)

Lets define a gradient operator:

∇k =
∂

∂ak
+ i

∂

∂bk
(7)

So, to minimize J we put

∇kJ =
∂J

∂ak
+ i

∂J

∂bk
= 0; k = 0, 1, 2, ... (8)
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and using 6 ...

E

[
∂e(n)

∂ak
e∗(n) +

∂e∗(n)

∂ak
e(n) +

∂e(n)

∂bk
ie∗(n) +

∂e∗(n)

∂bk
ie(n)

]
= 0 (9)

Calculating the partial derivatives of equation 9 using equations 4 and 5 ...

∂e(n)

∂ak
= −u(n− k)

∂e∗(n)

∂ak
= −u∗(n− k)

∂e(n)

∂bk
= iu(n− k)

∂e∗(n)

∂bk
= −iu∗(n− k)

Substituting the value of above partial derivatives in equation 9 ...

E[−u(n− k)e∗(n)− u∗(n− k)e(n) + iu(n− k)ie∗(n)− iu∗(n− k)ie(n)] =0

⇒ E[−u(n− k)e∗(n)− u∗(n− k)e(n)− u(n− k)e∗(n) + u∗(n− k)e(n)] =0

⇒ E[−u(n− k)e∗(n)−(((((
(((u∗(n− k)e(n)− u(n− k)e∗(n) +((((

((((u∗(n− k)e(n)] =0

⇒ −2E[u(n− k)e∗(n)] =0

∴ E[u(n− k)e∗(n)] =0 (10)

Equation 10 is the mathematical form of the Principle of orthogonality.
This principle is very important for the study of linear optimum filters since it tells us
whether the filter is optimum. It is a necessary and sufficient condition for J to obtain its
minimum value. Equation 10 also tells us that the estimation error eo(n) is orthogonal to
each sample of the witness signal.

2.1 Corollary

A corollary of the principle of orthogonality can be derived by finding the correlation between
the filter output y(n) and the estimation error e(n) as shown below...

E [y(n)e∗(n)] =E

[
∞∑
k=0

w∗ku(n− k)e∗(n)

]
(11)

=
∞∑
k=0

w∗kE [u(n− k)e∗(n)] (12)

using the principle of orthogonality 10 we can see that the expectation values inside the
summation are all zero, so we get the result

E [y(n)e∗(n)] = 0 (13)
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Equation 13 tells us that in an optimum filter the filter output yo(n) is orthogonal to the
estimation error eo(n).

3 Normalized mean-square error

When the filter is working in the optimum condition, the filtered output may be written as
yo(n) and its corresponding estimation error as eo(n).

Hence,

eo(n) =d(n)− yo(n) (14)

For eo(n),

Jmin =E[|e(n)|2] (15)

where Jminis the minimum mean-square error.

Calculating mean-square values for both sides of equation 14 and using equation 15 ...

Jmin = E[|eo(n)|2] =E[(d(n)− yo(n)) (d∗(n)− y∗o(n))]

=E
[
|d(n)|2 + |yo(n)|2 − d(n)y∗o(n)− d∗(n)yo(n)

]
=E

[
|d(n)|2 + |yo(n)|2 − (yo(n) + eo(n)) y∗o(n)− (y∗o(n) + e∗o(n)) yo(n)

]
=E

[
|d(n)|2 + |yo(n)|2 − yo(n)y∗o(n)− eo(n)y∗o(n)− y∗o(n)yo(n) + e∗o(n)yo(n)

]
=E

[
|d(n)|2 −����

��
e(n)y∗o(n)− |yo(n)|2 +���

���e∗o(n)yo(n)
]

(16)

=E
[
|d(n)|2 − |yo(n)|2

]
=
(
E
[
|d(n)|2

]
− E [|d(n)|]2

)
−
(
E
[
|yo(n)|2

]
− E [|yo(n)|]2

)
(17)

=σ2
d(n)− σ2

yo(n)

In step 16 the cancellation occurs due to the corollary of the Principle of orthogonality 10. In
step 17 the zero means of the quantities d(n) and y0(n) were added to obtain the variances.

Hence,

Jmin =σ2
d − σ2

yo (18)

where σ2
d and σ2

yo are the variances of d(n) and y0(n).

normalizing equation 18 ...
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Jmin
σ2
d

=1−
σ2
yo

σ2
d

⇒ ε =1−
σ2
yo

σ2
d

(19)

where ε = Jmin

σ2
d

is known as the normalized mean-square error and it is always positive since

Jmin and σ2
d are always positive. So from equation 19 we can conclude that 0 ≤ ε ≤ 1.

The value of ε tells us how the filter is working. If ε = 0 then we say that the filter is working
perfectly in an optimum condition and if ε = 1 then the filter is working completely wrong
(worst case).

4 Wiener-Hopf equations

Using Principle of orthogonality 10 and equation 5...

E[u(n− k)e∗(n)] =0; k = 0, 1, 2, ...

⇒ E[u(n− k)(d∗(n)−
∞∑
j=0

w0ju
∗(n− j)] =0; k = 0, 1, 2, ...

⇒ E[u(n− k)d∗(n)]−
∞∑
j=0

w0jE[u(n− k)u∗(n− i)] =0; k = 0, 1, 2, ...

⇒
∞∑
j=0

w0jE[u(n− k)u∗(n− i)] =E[u(n− k)d∗(n)]; k = 0, 1, 2, ... (20)

The expectation values defined in 20 are special.
From LHS of equation 20 we get E[u(n− k)u∗(n− i)] which is the autocorrelation function
of the witness samples u(n− k) for a lag of i− k. Thus,

r(i− k) =E[u(n− k)u∗(n− i)] (21)

From RHS of equation 20 we get E[u(n−k)d∗(n)] which is the cross-correlation between the
witness samples u(n− k) and the desired response d(n) for a lag of −k. Thus,

p(−k) =E[u(n− k)d∗(n)] (22)

Using 21 and 22 in equation 20 gives...

∞∑
j=0

w0jr(i− k) =p(−k); k = 0, 1, 2, ... (23)
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The system of equations 23 are known as the Wiener-Hopf equations. These equations define
the optimum coefficients of the filter. Now, lets denote these equations in the matrix form.

Let R denote the M-by-M correlation matrix of the witness samples u(n), u(n− 1), ..., u(n−
M + 1), that is,

R = E
[
u(n)uH(n)

]
where u(n) is the M-by-1 column vector whose elements are u(n), u(n− 1), ..., u(n−M + 1),
so we have

R =


r(0) r(1) . . . r(M − 1)
r∗(1) r(0) . . . r(M − 2)

...
...

. . .
...

r∗(M − 1) r∗(M − 2) · · · r(0)


Let p denote the the M-by1 cross-correlation vector between the witness samples u(n)and
the desired response d(n):

p = E [u(n)d∗(n)]

so we have
p = [p(0), p(−1), ..., p(1−M)]T

Let wodenote the M-by-1 optimum filter weights, so

wo = [wo,0, wo,1, ..., wo,M−1]
T

To solve the Wiener-Hopf equations 23 we can rewrite them in the compact matrix form

Rwo = p (24)

we assume the correlation matrix to be nonsingular and find the optimum filter weights by
inverting equation 24, thus we get

wo = R−1p (25)

Equation 25 computes the coefficients of an optimum filter.
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